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Reformulation of the Path Probability Method
and Its Application to Crystal Growth Models
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The microscopic master equation of a system is derived within the framework of
the path probability method (PPM). Then, by extending Morita’s method in
equilibrium statistical mechanics, the path probability function constructed
microscopically can be systematically decomposed to result in the conventional
path probability function of cluster approximation when correlations larger
than the chosen basic cluster are neglected. In order to critically compare the
master equation method with the PPM, the triangle approximation is treated by
both methods for crystal growth models. It is found that the PPM gives
physically satisfactory kinetic equations, while the master equation (supple-
mented with a cluster probability in the superposition approximation) does not.
The triangle PPM calculation considerably improves the result of the pair
approximation for crystal growth velocity in the solid-on-solid model, and
compares well with Monte Carlo results.

KEY WORDS: Path probability method; cluster variation method; master
equation; crystal growth model; solid-on-solid model.

1. INTRODUCTION

The path probability method (PPM) devised by Kikuchi'" is a natural
extension of the cluster variation method (CVM)® in equilibrium
statistical mechanics to nonequilibrium kinetics and has been applied
successively to various phase transition and transport phenomena.®> For
the nonequilibrium kinetics the master equation has also been used.
Starting with the microscopic master equation of the system, Van Baal®
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showed that a coarse-grained master equation of Markovian nature could
be derived with the assumption that microscopically different configur-
ations in the same class have the same energy and the same occurrence
probability at any time. He applied the coarse-grained master equation in
the pair approximation to some problems and found that the results were
the same as those obtained from the pair approximation in the PPM. In
order to determine the transition rate in the pair approximation he used
the cluster probability of superposition approximation in the sense of the
CVM. We call Van Baal's treatment, which is supplemented with the
cluster probability in the superposition approximation, the master equation
method (MEM), to distinguish it from the PPM, although the same fact
was also noticed by other authors.®’ Recently we applied both the PPM
and the MEM to an Ising ferromagnet in the triangle approximation.® To
our surprise, the two methods lead to similar but different evolution
equations, though they have the identical equilibrium state expected from
the CVM as a stationary solution. The problem of why the two (i.c., the
MEM and PPM) triangle approximations give different evolution
equations (in contrast to the two pair approximations, which lead to an
identical equation) and whether this fact is essential or not have been left
unsolved.

In this paper we try to make clear the difference between the PPM
and the MEM and show that the difference turns out to be significant in
the crystal growth kinetics.”) For that purpose the PPM is reformulated
from the microscopic point of view. As a result, the relation between the
PPM and the microscopic master equation, which is the starting point for
the MEM, is established. Then the decomposed method of the space-time
joint probability of the whole system is introduced along the same lines as
that of Morita,® who decomposed the probability distribution of the
whole system into the product of the cluster correlation functions in
equilibrium statistical mechanics. It is shown that the neglect of cluster
correlation functions larger than the chosen cluster leads to the conven-
tional PPM™ in the cluster approximation. This decomposition method is
a kind of superposition approximation. It will be shown that a similar
treatment is involved in the determination of the transition rate in the
coarse-grained master equation in the MEM.

We apply both the PPM and the MEM to the monolayer and the
solid-on-solid (SOS) model® in the triangle approximation. Only the
PPM can give physically reasonable evolution equations. In the SOS
model the present calculation improves the result of the pair approxi-
mation and the present result is in good quantitative agreement with that
of the Monte Carlo simulation.

In Section 2 the PPM is reformulated for the comparison with the
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MEM. In Section 3 the monolayer crystal growth model is studied in the
triangle approximation. The advantage of the PPM over the MEM is
discussed. In Section 4 the solid-on-solid model is treated as a direct
application of Section 3. Section 5 is devoted to the conclusion and
discussion.

2. THE STRUCTURE OF PATH PROBABILITY FUNCTION

First, the statistical mechanical formulation is reviewed from the
viewpoint of general cluster approximation. For clarity we consider an
Ising system of N spins and write its Hamiltonian #({c}). Here {o}
stands for one of 2% configurations (¢, 05,.., 65) With a,= +1 (i=1-N).
Consider an ensemble of L equivalent systems, each system of which has
#({o}) in equilibrium with a heat bath of temperature T. Let LP{M({c})
be the number of systems having an N-spin configuration {¢}. Since the
number of total systems in the ensemble is L, we obtain the relation
Tr,, P{({o})=1, where Tr denotes a summation over all spin states.
The probability of the ensemble being found in the prescribed states
{LP™({c})} is, except for a proportionality constant, given by

L! (N)
7 g (o) LPM( () 21
T, (EP(a ) L@ ) 1)

Then the free energy per system is given by

2l z= ¥ [#(lo}) +kaThn PO((0})] P((a}) (22)
{o}

where E=3,,, #({c}) P™({c}) is the internal energy and

F=—

S=—ky Y. PM({c})In P¥({0}) (2.3)
{o}

is the entropy of the system. The requirement of the maximization of Z or
the minimization of F with respect to the P{™({g}) leads to the
equilibrium distribution

PY‘”({G}): e‘ﬂ‘#({”})/Tr e~ FHUa})

with ' = kg T. The above procedure can be seen as applying the CVM to
the system choosing the system itself as the basic cluster.

Next, let us consider the change of state of the ensemble in a short
time interval A¢, that is, from time ¢ to ¢+ 4z. For this purpose, besides the
system number LP{"({c}, 1) taking a configuration {c} at ¢, we introduce
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LPM({o}, t; {¢"}, 1+ At), which is defined as the number of systems hav-
ing a configuration {o} at ¢ and {o'} at t+ 4t. From above definitions,
P{™({a},t) denotes the one-time point probability function and
PM({a},1;{c'}, 1+ 4t) the two-time point joint probability function,
respectively. There are some obvious relations between them:

PM({a}, 1)= {Tr} PM({a}, t; {a'}, t + A1) (2.4a)

PM({') 1+ 4 =Tr PM({a}, 1; {a'}, t + A1) (2.4b)
Tr Tr P{V({a}, 1; {¢'}, t+4t)=1 (2.4¢)
{e} {o'}

Hercafter we use the subscript 1 for the one-time point function and 2 for
the two-time point function. Referring to Eq. (2.4a), when a state
(LP?™({c},?)} the ensemble at ¢ is given, we have the transition
probability of the ensemble'" in the time interval At:

[Ty (LPM ({0}, 1))!
[0y oy [LPM({a}, 15 {o'}, 1+ 41)]!

x [T T1 IW™({o}, 1] {o'}, 1+ dn)]-rdobsiehenan
(o} (o) 25)

T(t, 1+ Aty =

where WW({a}, t|{a'}, 1 + A1) is the transition probability of one system
changing from {c¢} at ¢ into {¢'} at 1+ 4.

The logarithmic form of the above expression is very useful for later
purposes:

In T(s, 1+ Ar)/L
= Te PV({a}, 0 P(0). 1)
+ ;Fr} {Tr} {In W™({a}, t|{c'}, t + A1)
Cin PY({a}, £ {o"}, 1+ A1)} PO({o}, 1; {0}, 1+ A1) (26)

It is worthwhile to note that Eq. (2.6) is very similar in structure to the free
energy expression (2.2). Thus, we may call

Sp(dt)= — :fr} {Tr} PM({a}, t; {0’} t+40)In PM({a}, 1; {a'}, t + 4t)
\ 2.7)
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the dynamical entropy, in contrast to (2.3), which may be referred to as the
static entropy. When the two-time-point functions P§V({a}, 1; {¢'}, 1 + A1)
are varied starting with the given distribution P{™({c},t) at 1, the
maximization requirement of Eq. (2.5) gives the natural relation

PM({a}, t; {a’'}, t+ A1)
=W™({a}, t1{c"}, t+ 41) P{({c}, 1) (28)

which expresses the two-time point function in terms of the one-time point
function and the transition probability. Since

Te ({11 {0} 1+ 40 =1

the transition probability in a short time interval 4¢ can be written in terms
of the transition rate w")({a} — {¢’}, 1) (the transition probability of the
system per unit time) as follows:

WM {a}, t]{a’}, t+ A1)
=wM({o} - {a'}, 1) 41 =84} (o))

+[1_ Z/ wM({a} - {a"}, t)Az:lé{a},{o’} (29)
{a"}

where &, (., is the usual Kronecker delta symbol and 3’ denotes a sum-
mation with {¢”} = {¢'} excluded. Substituting Eq. (2.9) into Eq. (2.8) and
summing over all the configurations at ¢, we have an evolution equation of
the distribution function of the system in the limit 41 — 0O:

SPOo) 0= = Tow({a) = (o'} 0 P{Y({o}. 1)

+ {Tr} wM({o'} > {a}, ) PV({a'}, 1) (2.10)

Equation (2.10) is called a microscopic master equation of the system
which denotes the conservation of probability of the system. Thus, we
could say that Eq.(2.5) represents a variational function for the
microscopic master equation. What is done above is to apply the path
probability method (PPM) to a system with the system itself chosen as the
basic cluster. A function such as Eq.(2.5) is called the path probability
function (PPF) since variational parameters P{V({c}, ; {c'}, t+ A1)
determine a path for the time evolution of the ensemble. Up to this point
no approximation has been introduced in the free energy treatment or the
master equation derivation. Therefore either the CVM or the PPM is not
always an approximate method.

However, for practical analytical treatments it is necessary to
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introduce some approximations. In fact, the CVM and the PPM have been
developed for systematic approximations. Generally speaking, the choice of
the basic cluster determines the degree of approximation. In each choice,
the most important step is how best to formulate approximately the
entropy or the dynamical entropy. We can conveniently follow Morita’s
method, which was developed as an alternative formulation of the CVM.

In order to review his method, we define the one-time point
probability for an » cluster of (i,, i,,..., i,,) as

Pﬁ"’({ai},,)—— Tr PM({a}) (n=1,2,., N) (2.11)

where (iy, i,,.., i) denotes any n set of N lattice points, {c,}, the set of n
Spins (G;y, 05,y G 1), and Tty _ (o), the trace over all N spins except for
{6:},. It is clear that the cluster probability function satisfies an obvious
recurrence relation

P(n_l)(atls B m’l)

=Tr P90, 0,) (=2, N) (2.12)

Then Morita’s procedure consists in writing In P{"({0,},, t) as
In PP({a},)= 3 InPMo,)+ Y In 4¥(a,, )
i1 i<j

+ ) A%, 0;,,0,)+ -

i< j<k
+In 4", 0,) (n=2,., N) (2.13)

where {d},=(0,,0,,.,0,) of n spins is used instead of {a,}, without
confusion and 4“’({s},) represents a correlation function of n spins.
Equation (2.13) can be solved successively starting from n=2 to yield

In 4%(0,, 0;)=1n P (0,, 6;)—In P{V(5,)—In P{(q,)
In 4%(a;, 0, 0,) =1In PP)a,, 6;, 6,) — [In PP(0,, 5,)
+ In PP(0;, 6,) +In PP (0, 0,)]
+ In P{"(o,) +In P{V(o)) +1n P{(a,)
: (2.14)
The relations shown here between the P functions and the 4 functions are

sometimes referred to as the cumulant tranform or the Mobius
transform.'”) Let us define an n-cluster entropy by

SOy, by i) = — Tr P({6:},) In P{({0,},) (2.15)

”rn



Path Probability Method 1087

It is clear from (2.14) that the cluster function

YUy, by 1) = — ;T§ PP({a:},) In A ({a,},) (2.16)
is expressed as a linear combination of cluster entropies. From (2.13) and
(2.16) the entropy of the whole system is thus written as

Stkg=> P+ Y yPU k) + - 491, 2, N) (2.17)
J j<k
Thus, the entropy of the system can be expressed in terms of cluster
entropies owing to (2.14). Morita’s interpretation of the CVM is that the
n-cluster approximation results when we choose y(j, ..., j,.) =0 for all m
(>n). For example, the point approximation stops at y)(j), the pair at
y¥(j, k), and so forth. Here one comment is in order. It is easy to express
the internal energy using cluster probabilities.®
Up to this point we have discussed the one-time point probability and
the statistical mechanical entropy. However, noting the structural similarity
of the dynamical entropy in Eq. (2.7) to the static entropy, a completely
similar treatment is also possible for the former. The two-time point
probability for an # cluster of (i,, i5,.., {,) is defined by

P(zn)({o-i}n’ L {Gt{}m t+At)

= Tr Tr  PW({a},t: (o'}, 1+ At )19
(o}~ {oibn (o'} —(o}ln ({o}, 5 {a'} ) (2.18)

which has the recurrence relation
Pgnml)({ai}nfb t, {O-;}nfls t+At)
=Tr Tr PY'({0,} 5 t; {0} } ., t + A1) (2.19)

We assume a similar form of (2.13) for the two-time-point probability;

In PY({o},, 1;{0'},, t+ At)

=Y InP{(a;50))

i=1

n
+ Y In B (o,, 6,50/, 9))

i<j

n
+ Z lnB(3)(O-i> O, G'k;O',{, O—J{s a;c)+

i<j<k

+in B"({c},; {0'),)  (n=2,., N) (2.20)
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where {0},={0,, 0,,..,0,} is used for convenience. Making the Mdbius
transform as in (2.14), we can write In B"({s},; {6'},) in terms of
In PP({ac},, 8 {c'},, t+4t) (I=1,2,.,n), successively. Defining an
n-cluster dynamical entropy by

S(lg)(ih iZ""a in’ At)

=—Tr Tr PY{0,},, t; {0} }., t+ A1)

{oiln {ol}n
xIn PYY({0;},, 65 {0/} s t+ A1) (2.21)
and a cluster function corresponding to (2.16) by

TOiy, iy iy, Af)
=~ Tr Tr P¥({6;}, t; {0]}, t+ A1)

{oi}n {o]}a
xIn B™({o},; {0'},) (2.22)

we can express the dynamical entropy of the system by

Sp(Ary=Y 'V, A1)+ Y, I'?(i, j, A1)

i i<j

+ Y IOk Aty + - +TN(L, 2, N, 41) (223)

i<j<k
where some lower-order I"({i},, 4t) are given explicitly by
IO, Aty = S\, At)
IO, j, Aty= SP(, j, 4t)— S (i, A1) — SE(j, A1)
'O, j, k, Aty = S, j, k, At) — [SP(, j, 4t)
+ SA(j, k, At)+ SPk, i, 41)]
+ [SW3, A1)+ S, 1)+ SP(k, 41)]  (2.24)
In a similar way as before, the n-cluster approximation is obtained when
we make I'V™({i},,, 4t)=0 for all m (>n).
In order to complete the path probability function of n-cluster

approximation, we have to express W'Y ({c},t|{c'}, 1+ 4t) in terms of
cluster quantities so as to satisfy a detailed balance condition

PY({a}) W({a}, 1] {a'}, 1+ 41)
=PM({a' ) W({a'}, t] {a}, t+ A1) (2.25)
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where P{M({o}) is the equilibrium distribution function. However, the
detailed balance condition is not enough to determine the transition
probability uniquely. The concrete form depends upon individual physical
phenomena, as will be seen in Section 3.

At this point we make two comments for the purposes of later use. The
first is the relation of this treatment with Kikuchi’s original PPM. For the
sake of concreteness let us consider a homogeneous Ising system on the
two-dimensional hexagonal lattice in the triangle approximation. Then

(2.17) and (2.23) give
S(t)/kg = NyD(1)+ 3Ny (1, 2) + 2Ny P)(1, 2, 3) (2.26)
Sp(Aty= NI D(1) 4+ 3NTH(1, 2) 4+ 2N (1, 2, 3) .

where the point, the nearest neighbor pair, and the smallest triangle cluster
are chosen for the formulation. With the use of Eq. (2.24) and definitions of
static and dynamical cluster entropies, the path entropy part of (2.5) can be
rewritten in this approximation as

T,~TH

{bond 2,
L( {triangle }?, {pomt}d,)

><< _ {bond}; )q.]N (227

{triangle }? {point },

where

{point} H [LP{ o, t;0°, t+ 4D ]!
{bond}, = [] [LPP({c}, t;{c'}s, t+41)]! (2.28)
{o}2.{c"}2

{triangle} ,, = [] [LPS({c}s t; {a'}s, t+ 4]
{o}3.{c'}3

and {---}, is the corresponding one-time-point probability; for instance,

{triangle}, = [[ [LP{({c}5, 1)]!
fols
The Stirling formula In X! = X(In X — 1) is used for X' > 1. We now observe
that the right hand side of (2.27) is exactly the combinatorial factor derived
in the original PPM.® Since Morita’s method for the static case is known
to be equivalent to. Kikuchi’s CVM, the above example shows that the
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present procedure for the path probability function gives, as expected, the
same result as that of the original PPM.

The second comment we make is that the occurrence probability of a
cluster with a center spin surrounded by the nearest neighbor spins can be
evaluated by making use of Eqs. (2.13) and (2.14). Let g, be a center spin
and (o0,,.., ,) its nearest neighbors. Rewriting Eq. (2.13) in the form

In PM({o} y) =In P{(6,) + 3 In AP(0o, o)

j=1

V4
+ Y In A% 0y, 5;, 6,) + {terms without o,
i<k

+ O[ln A" ({q,},), m>3]} (2.29)

and discarding the last terms in curly brackets, we obtain the cluster
probability in the triangle approximation®-'?

z PPN60,0,,0,,1)
(z+1) _ p() 1 0sYis Vit
Pl =P L =0, o5

i=1

(6,.1=01) (230)

where Pi*V({c},, ) is written for P{")({c}y). This is interpreted as a
superposition relation, and similar relations can be written for any
approximation. Relations of this kind are needed in the MEM as the
“closure” relation, as will be shown below.

It is worth noting that in the PPM all the ingredients of the
approximation are contained in the path probability function at the begin-
ning stage of the formulation. In the MEM, on the other hand, the
“closure” relation, which is one of the essential ingredients of the method,
comes not at the beginning, but somewhat later in the treatment. As was
done by Van Baal and as is shown in (2.30), the needed relations can be
supplied conveniently from approximation.

3. MONOLAYER ADSORPTION MODEL

Let us consider a two-dimensional hexagonal lattice on which the
concentration of atoms changes through the adsorption of atoms from the
vapor and the evaporations of solid atoms into the vapor phase.”'® The
local concentration of solid atoms on the ith lattice site is defined by C,,
where C,=1 stands for an occupied site and C;=0 for a vacancy. The
Hamiltonian is given by

H=-27 Y C,C;—4u,Y C; (3.1)
<y i
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where the first sum runs over nearest neighbor sites, and Ay, is the bare
chemical potential difference between the solid and the vapor. With the
help of the variable transformation o,=2C;—1, the Hamiltonian is
rewritten except for a constant — N(zJ/4 + Au,y/2) as

1
H({a})= —g Y aiaj—EAuZo,» (3.2)
> i

where z=6 is the coordination number and Au=Au,+zJ is the net
chemical potential. Now o,=1 corresponds to an occupied site and
g,= —1 to a vacancy. In the crystal growth model the adsorption is
assumed to be determined by the net chemical potential difference 4y and
to be independent of the environment of the adsorbing site. On the other
hand, the evaporation rate depends on the local configuration explicitly.
When a spin o, of the system changes its direction, the energy change is
given by 4E(6y)=JogY i, 0,4+ Auo,, where o, (i=1-z) is the nearest-
neighbor spin of o,. In order to meet the crystal growth model, the detailed
balance condition requires transition rates for one spin flip:

wi—l->1)=0exp H for adsorption

: (33)
w(l—> —1)=0exp ~K Y o, forevaporation
i=1

where H=Au/kT, K= J/kT, and 7,=1/6 is the microscopic characteristic
time. It should be noted that in contrast with the relaxation process of
magnetization, the transition rate has asymmetry forms for o,= +1. We
apply the triangle approximation of the PPM to the above crystal growth
model. Referring to Eq. (3.3), the kinetic part T(z, ¢+ A1) of the path
probability function is taken"’ as

[Tt t+ A1) 175 =TT (8 4t)VP" =) [1 = O(c) 4]V ¢ B4E (34)

where

BAE= —NHPY(—1;1)+ zKN[P(1, 1; —1, 1)— PO(—1,1; —1, —1)]
(3.5)

is the energy change of the system due to adsorption and evaporation and
1—0O(o) 4t is the residual probability, to be determined self-consistently.
The path entropy part T, was already given by (2.27). Thus, the path
probability function is given by T(t,t+ At)=T,T, in the present
approximation. Under the condition that the one-time point probabilities
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{P®({c}s, 1)} are given, there are six independent two-time point
probabilities. Maximization of the path probability function with respect to
these independent probabilities determines two-time point probabilities in
terms of the P{({s}, ) and given parameters in relations similar to
Eq. (2.8). For example,

PO, 8 —1, 1+ 48)=0 4t A, (1)°PM(1, 1)
PO(—=1, 61, t+41)=0 At " PV(—1, 1)
Here 4, (1)° represents the environmental effect for evaporation, and the

details will be discussed shortly. The probability for a site to remain
unchanged is

PM(o, t; 0,1+ 4t)=P{(o, 1)[1— O(a) 4t] for o= +1

Combining these three equations, we obtain @(—1)=e" and
O)y=1 (1),

Wada et al.*V) discussed the relaxation process of magnetization using
the triangle approximation of the PPM. In the previous work, however, the
Hamiltonian was written as

H=-J) 0,6,—puH)Yo,—dY ag0,0 (3.6)
< i <

i> ik

and the transition rate of a spin flip was chosen symmetrically. Here the
three-body interaction of the smallest triangle cluster was used for the
introduction of the conjugate field for the three-body correlation. With
minor changes the results of ref. 11 can be applied to the present problem.
The order parameters of the system are defined by

my(t)=Tr ‘71P(11)(0'1= t)
]

mal0)=3 Tt 0103 PP({0)a, 1) (37)
o}
my(1) =2 {T{ 010,03 P ({0}, 1)

a}3

The changes of the order parameters in 47 can be obtained by

Am (1) = —Tr P{(o; — o)
Amy(t) =2z Tr [PP) (0, 6; —0, 0) — PP(—0, 0;0,0)] (3.8)
Ams(t)= ~2z Tr [ PPo, 0, 650,06, —0)—2PPa, 6, —0;0, —06, —0)

+ PPN o, —0, —0; —a, —0, —a)]
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The most probable path results of the previous paper tell us the following.
We define a moment-generating function

G(K\(0), Ky(0), K5(0)) =Y. 0PV (5) A, (0)* (3.9)
where
17 Pt P3N, —0, —
+(o‘)——[ (O’O’O’)+ 1A(a, o J)+D(a)}
2L PP(o,0) (g, —0)
Mg — g — 2
D(s)? [ (3o, o, a) P1 A(a, o, a)] (3.10)
PP(o, —0)
4P§3’(a, g, —0)*
P (o, 0) PP, —a)
and
‘(1)(G)=p(1>(a ,)e—lq(a)«f
@0, 0,)=Po, 0., 1) XD (3.11)
p13)(‘75 01,0;)= 13)(‘7’ gy, 0y) e oo

with K ()= +u H/kT, Ky(+)= +J/kT, and Ky(+ )= +d/kT. Then we
can obtain the evolution equations of order parameters as

dm, (1) _ d
dr 2 0K, (a)

o= +1

G(K(g), Ky(0), K3(0)) (i=1,2,3)y (312)

Here one comment is in order. These rate equations can be obtained in two
ways. First, after substituting P ({a}, 1; {6}, 1+ 4¢) obtained from the
maximization of the path probability function into Eq. (3.8), we compare
them with Eq. (3.12) directly. Another is the way in which we derive the
master equation in the triangle approximation by making use of the path
probability function.'”’ The master equation is given by

1 [exp <‘28£n"'a_1(a(a_)>" 1] G(K(s)) Q(m, f) (3.13)

where m=(m, m,, m;), K(o)=(K,(0), K»(0), K;(5)), e=1/N, and
Q(m, ?) is the probability density of m at ¢. Application of the system size
expansion" to Eq. (3.13) yields Eq. (3.12).

Let us return to the monolayer model. Since there are only two
parameters A and K in the present system, in order to use the above result

s 3

=+
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it is taken that after differentiation in Eq. (3.12) the parameters {K,(c}} are
always taken to be

Ki(-1)=H, K(1)=K  K()=K(-1)=K(x1)=0 (3.13a)

The final kinetic equations are written explicitly as

dmdlt(t) =20[ P{(1, 1) e — P{I(1, 1) 2, (1)°]
dmy(1) W PP(=1, D)= PP(—1, —1)
__;t =220 [P‘l“(*l)e : pgl)(_ll)

~ PI(1) 2, (1)

L PR L 1P, 1) - PO(L —1, —1YPO(L, —1)

D(1) }
dmy(1) 1y 4PP(—1, —1, 1)
yr =2z ‘:Pl (—1)e (1‘ PO(—1) )
) P (—1,1,1)
— p) 71— -
PO ALY (1 4 PO(1, 1) PO(1, —1)D(1))~+(1)>:|

(3.14)

Let us examine the dm,/dr equation. Since the concentration of atoms
PM(1, 1) is expressed by P¢U(1, 1) =3[1+m,(1)], the first term of the
right-hand side shows the adsorption of atoms and the second term
represents that the evaporation occurs with the environmental effect 4, (1)*
if the site is occupied. The important result is that the environmental effect
for adsorption gives exactly 1, (—1)*=1, as is expected physically.

At this point we compare the above results obtained from the PPM
with those from the coarse-grained master equation derived by Van
Baal.**> The coarse-grained master equation can be written as‘®

. EQ%"L) = —tr[w(m; 4M(a,)) Q(m, 1)]

+ te[W(m — ¢ AM(,); AM(c)) O(m, )] (3.15)

where Q(m, ¢) is the probability density of m at : and AM(g,) denotes
changes of Nm when a spin ¢, flips. The key question is how to determine
the transition rate w{m; 4M(c,)) in the triangle approximation. The most
natural procedure is to take into account the probability of a center spin o,
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surrounded by its nearest neighbors (o,..,0,) and the transition rates
(3.3). Thus, combining Eq. (2.30) and (3.3), we write w(m; 4M(c,)) as

w(m; AM(0g,)) = 9})(11)(0-0’ t) e —Kiloo) a0

3 — K3{o 06}
z pi )(0'0’ GiGipts {)e 3(00) 000:6j 41

X
sz)(o.o’ a, l) PLECOETE

i=1

(3.16)

where the same convention as stated in (3.13a) is used for the K;(g,). By
using the ¢ expansion!* to Eq. (3.15), one can derive the kinetic equations
for the order parameters by
dm(1)
dt

= Tr AM(0,4) w(m; AM(c,)) (3.17)

This equation can be rewritten as
dm (1) i,
=2
dt o 0K;(04)

G(K(ay)) (3.18)

where a moment-generating function G(K(o,)) is defined by
G(K(oy))= Tr w(m; AM(o,)) (3.19)

By making use of the fact that w(m; 4M(o,)) is transformed as

w(m; 4M{o,)) = Sﬁi“(ao) Tr /270(0'19 G5) /‘250(0'2, a3) "’260(023 gy)

(3.20)
with

A0, 0, ()= PP(“O: ag;, O'i+1)/[P(12)(UOa ;) sz)(o'm 0i+1)]1/2

we can write G(K(a,)) in terms of two eigenvalues of {4°(s,, 0,,,)} as

G(K(Uo)) = Z 9135“(0'0)[/14‘70)2 +4_(00)°] (3.21)

90

where 4_(o6)=21,(0)—D(o) is the conjugate root of 1, (c) appearing in
(3.10). In comparison with (3.9), in addition to 1, ()" there appears
another term A_(gy)°. While A _(—1)=1, A_(—1) depends on the
PP)({o}, 1) explicitly. This fact means that in this treatment not only the
evaporation of solid atoms, but also the adsorption process depends upon
the environment in spite of the requirements that the adsorption is assumed
to be determined only by the chemical potential difference. Thus, for the
crystal growth kinetics only the PPM yields the correct kinetic equations.
The reason for the failure of the MEM is judged to originate in the super-
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position approximation in (3.16) which is needed for the purpose of
closure. The trouble is that there is no guiding principle for writing the
closure relation.

4. SOLID-ON-SOLID MODEL

The previous results of the monolayer-adsorption model can be easily
extended to the solid-on-solid (SOS) model,® which has been used as a
multilayer model for crystal growth from the vapor. The present SOS
model is defined as a hexagonal lattice which can be filled with atoms, but
in such a way that in the upward direction from solid to vapor, normal to
the hexagonal layer {001}, a solid atom can occupy only a site above and
adjacent to an existing solid atom. This so-called SOS condition excludes
vacant sites inside the solid part and overhangs at the solid—vapor inter-
face. Let us divide the crystal into monatomic layers with N sites each,
parallel to the hexagonal face, and assign a number / (~oc0 </< o0). The
Hamiltonian is given by

4 [¢/p) i
where C{? =1 (=0) stands for the ith site on the /th layer being occupied
(vacant). With ¢ =2C{" -1 and z=6, the Hamiltonian is rewritten,
except for a constant, as

%os({(f(”})=z<— g Y 6§-“0}”~%Au20§“> (4.2)
! <y i
We apply the PPM to the SOS model in the triangle approximation. We
could repeat the PPM calculation of Section 3 in each layer, attaching an
additional superscript of the layer number to all the one- and two-time
probabilities such as P{!(c®, 1) and P, t;0", t+4t) (I= -
to oo). With the definition that Np,(¢)= NP{!(1, ) — NP{M+ (1, 1) is the
number of surface atoms finding themselves in the /th layer, the SOS con-
dition is taken into account in the path entropy as

L = [P0
T.(t,t+ At)]V"F =
[T.(z,t+ 41)] 1:1—‘100 [NP(ZU)(l; _1):“ [NP(211+1)(_1; ny
y 1
[Np(”(l)—NP(zll)(l; ___1)__NP(211+1)(_, t: 1)]?

[NP{(0) ]!

x [EI [NPU(o; o) ]! [NPU (o —o)J!J (43)
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where the time parameter ¢ is suppressed since no confusion is expected.
The path entropy correction T, represents the fact that only surface atoms
out of /th layer atoms can take part in evaporation and adsorption
processes. Then the path probability function of the present system is given
by the products of those of all the layers given in Section 3 times
T(1, t + 4t). The maximization with respect to independent two-time point
functions yields the evolution equation of the system. The moment-
generating function in the /th layer is then given by

GO(K0))=0rp; 1(1){exp[KP(~ 1)} AQ(=1)*
+ 0rp(O){exp[—KP(1)]} A0(+1) (4.4)

where the convention concerning the K)(¢) is also used. This function
should be compared with the monolayer generating function (3.9). That is,
the /th layer superscript is attached to all the quantities and P{!)(—1, 1)
and P{(1, t) are replaced by the fraction of surface atoms p, ,(f) and
p,(t), respectively. With the use of this generating function, we have the
following set of equations for crystal growth:

dmi(1 ; z
dll( )ZZHR[pl-l(t) e —p, (1) 29(1)°]
R
dm{(1) n PE(=1, D) - PE(-1, 1)
-d—ZR—-zzﬂR[Pll(f)e P{O(—1)
PO 1, 1) e K PO, 1, —1)eX
—Pz(f)i(i)(l)z< 1 ((2,1)’ L. Ezz) )€>
PP(1, 1) PPYL, —1)

(1) Wl APP=1—1,1)
i =229R[p,1(l)€ <1’“ PI(—1)

— p(2) A1)
PP(L, L, —1)°
X (1 —4P(121)(1’ 1) P2I(1, —I)D”)(l)/l(fj(l)>]’ —w<l<w

where the subscript R for time ¢ is introduced for a relaxation process.
With the help of the CVM we have the following free energy F
corresponding to these rate equations:

FINKT =Y [zKP@)(1, —1)— HPUO(1) + L(p,)
!

-3 {Tr} L(PP({a}))+2 ;Tr) Z(PP({c}))] (4.6)

822/53/5-6-6
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where £ (x) = x(In x — 1). It can be confirmed that the configuration of the
minimum free energy satisfies the steady-state condition of Eq.(4.5).
Further, it is possible to take care of inter- and intralayer diffusion
processes if the adsorption force e” due to the chemical potential difference
is replaced just by

= S p (LD 4.7)

and 0, by 8, in the kinetic equations (4.5).!'> This means that atoms
evaporated from different layers can contribute to the adsorption. It should
be noticed that though this exchange process does not change the total
concentration Y., P{!/(1, ¢), it increases the growth velocity of the crystal.

R/ kT/J=2.0
Pair approx.

04l PO W
Ple--Xs=2 %
Triangle approx. e
T——Xs=0 /7
. v
T Xe=2 Vs M~

031 Monte Carlo Simult. / g:
M A Xs=0 // 7
M A X=2 //

Wilson -Frenkel -Values p 7
W——— //
M

0.21 a.p

T

0.9
/

/ )

04X : . _ ; .

0 01 0.2 0.3 0.4 0.5
H

Fig. 1. The average growth rate R versus driving force H at temperature ¥7// = 2.0 for the
SOS model. The results of the triangle approximation (T) with and without diffusion are
shown along with those of the pair approximation (P) and Monte Carlo simulation (M).
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The growth rate of the crystal is defined as the combined processes of
relaxation and diffusion:
d o)
R=— PN, ¢ 4.8
& L P (48)
where d/dt = d/di , + d/di, and d/di, denotes the contribution from the dif-
fusion process. The Wilson—Frenkel growth rate representing the maximum
growth rate is defined by

Ryp=ki(1—e™") (k§ =0ze™) (4.9)

The diffusion length X is defined as X2=:60,/0, since an isolated atom
diffuses a distance X in its lifetime 1/8;. The results in the present
approximation are shown for two typical temperatures together with those
of the pair approximation and the Monte Carlo simulation in Fig. 1
and 2."%) The Monte Carlo simulation on the present model is carried out

Ri/ks KTIZJ=2.5
Pair approx.

0.41 oo =0 W
P --Xs= 2 0
Triangle approx. /// fgj
T —%:0 K %
T—Xs= 2 / /

031 Monte Carlo Simul. /
M A Xs=0 il
, M
M A Xs=2 // P
Wilson-Frenkel-Values // T

We——
0.2

0.11

T T

. & Y T
0 01 02 03 04 05
H——
Fig. 2. The average growth rate R versus driving force H for temperature kT/J = 2.5 for the

SOS model. Only the temperature is changed from the k7/J =2.0 in Fig. | to the value of 2.5
here.
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by using the method of Gilmer and Bennema.® For low temperatures and
weak driving forces the growth rate in the present calculation is improved
considerably compared with that of the pair approximation.

5. CONCLUSIONS AND DISCUSSION

We have shown that when we apply the PPM to the model system
choosing the whole system itself as the basic cluster, we can obtain the
microscopic master equation of the system as a result of the extremum
principle. Thus, the PPM also gives a variational principle for the
microscopic master equation. Since the microscopic master equation is the
starting point of the coarse-grained master equation derived by Van Baal,
the common basis for his approach and ours is thus established. In order to
compare the PPM and the coarse-grained master equation method
(MEM), we follow the technique which Morita developed when he decom-
posed the distribution function of the whole system in his reformulation of
the CVM. In the decomposition scheme, to neglect correlations of clusters
larger than a chosen basic cluster exactly corresponds to the coarse grain-
ing of information in the MEM and leads to the path probability function
usually obtained by the conventional combinatorial arguments. In other
words, the path probability function thus obtained is the one derived by
the PPM using the chosen basic cluster. The above decomposition scheme
seems to be a kind of superposition approximation. Since in the MEM
there is no systematic guiding principle to determine the transition rate for
any degree of approximation, a similar superposition approximation is
adopted by Van Baal and by us for the occurrence probability of clusters.
However, in the MEM the superposition approximation is used in a local
sense, while in the PPM that approximation is used for the whole system
and the variational principle should also be supplemented. This difference
reveals itself in the triangle approximation. This is related to the following
fact. Consider the cluster occurrence probability of a center spin o,
surrounded by its z nearest neighbor spins. With the use of the local super-
position approximation the trace procedure over the nearest neighbor spins
gives the correct center spin probability P{!(g,) in the point and the pair
approximation but not in the higher-order cluster approximations such as
triangle approximation. On the other hand, the PPM seems to guarantee
this correct center spin probability in any degree of approximation. This
explains the fact that the PPM and the MEM lead to identical results only
in the point and the pair approximations. We applied both methods in the
triangle approximations to the crystal growth from the vapor phase on the
monolayer model, where the adsorption is assumed to be determined only
by the chemical potential difference A but the evaporation rate depends
on the local configuration explicitly. For the reason discussed above, in the
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triangle approximation only the PPM can give the evolution equations
consistent with the physical situation. The same problem appears on the
solid-on-solid crystal growth model, in which only the surface atoms of the
solid part could take part in the growth kinetics. Thus, we conclude that
the PPM is a justifiable method to give evolution equations of the
system in the cluster approximation, while the MEM supplemented with a
cluster probability of superposition approximation leads to an unphysical
consequence in the triangle approximation unless the closure relation can
be improved in the future.

Finally, in the SOS crystal model our treatment in the pair
approximation reduces to that of the MEM by Saito and Miiller-
Krumbhaar.” Compared with their results, the present calculation in the
triangle approximation considerably improved the unphysical metastable
region at low temperatures for small driving force Au/kT and the present
result is in good quantitative agreement with that of the Monte Carlo
simulation.
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